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Example 3: Gaussian function. Let f(t) = e−pi t
2
. Then:
Ff(s) =
∫ +∞
−∞
e−2pi iste−pi t
2
dt
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√
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−∞
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Hence
Ff(s) = e−pi s2
We have found the remarkable fact that the Gaussian f(t) = e−pit
2
is
its own Fourier transform i.e. a fixed point of the FT.
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In such a way we proved that Ff(s) satisfies the differential equation
d
ds
Ff(s) = −2pi sFf(s)
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Properties
1. Linearity
F(f + g)(s) = Ff(s) + Fg(s)
F(αf)(s) = αFf(s)
where α ∈ R.
2. The shift theorem write fb(t) = f(t+ b) then:
Ffb(s) = e2pi isbFf(s)
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3. The stretch theorem We want to know if we scale t to at what
happens to the Fourier transform of af(t) := f(at).
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Faf(s) =
1
|a|fˆ
(
s
a
)
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4. Combining shifts and stretches We can combine the shift
theorem and the stretch theorem to find the Fourier transform of
afb(t) := f(at+ b)
Fafb(s) =
1
|a|e
2pi isb/a fˆ
(
s
a
)
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
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Ff ′(s) = 2pi isFf(s)
To obtain this formula simply evaluate the FT of f ′(t) :
Ff ′(s) =
∫ +∞
−∞
e−2pi istf ′(t)dt
and integrate by parts.
Formulæ for higher derivatives also hold, and the result is:
Ff (n)(s) = (2pi is)nFf(s)
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Convolution The convolution of two functions g(t) and f(t) is the
function
(g ? f)(t) =
∫ +∞
−∞
g(t− x)f(x)dx
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Proof Use Fubini’s Theorem:
F((g ? f)(s) =
∫ ∞
−∞
(g ? f)(t)e−2piistdt
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g(t− x)f(x)e−2piistdt
)
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=
∫ ∞
−∞
f(x)
(∫ ∞
−∞
g(t− x)e−2piistdt
)
dx
putting t− x = u =⇒ dt = −du
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F((g ? f)(s) =
∫ ∞
−∞
f(x)
(∫ ∞
−∞
g(u)e−2piis(u+x)du
)
dx
=
∫ ∞
−∞
f(x)e−2piisx
(∫ ∞
−∞
g(u)e−2piisudu
)
dx
= Fg(s)
∫ ∞
−∞
f(x)e−2piisxdx
= Fg(s)Ff(s)
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Another interesting property is:
F(gf)(s) = (Fg ? Ff) (s)
